Using the background-metric independence for the traceless mode as well as the conformal mode, 4D quantum gravity is described as a quantum field theory defined on a non-dynamical backgroundmetric. The measure then induces an action with 4 derivatives. So we think that 4-th order gravity is essential and the Einstein-Hilbert term should be treated like a mass term. We introduce the dimensionless self-coupling constant t for the traceless mode. In this paper we study a model where the measure can be evaluated in the limit t → 0 exactly, using the background-metric independence for the conformal mode. The t-dependence of the measure is determined perturbatively using the background-metric independence for the traceless mode.
Introduction
Four dimensional quantum gravity [1] - [12] is one of the most interesting issues left in the developments of quantum field theory. The big problem in 4D quantum gravity is that the naive perturbation theory breaks down. On the other hand it is believed that quantum gravity in two dimensions is a welldefined quantum field theory [13] - [17] . Certain formulations of 2D quantum gravity have been solved exactly [13, 14] . This success in two dimensions have inspired many ideas on quantum gravity. Based on such ideas conformal mode dynamics in 4 dimensions have been studied by Antoniadis, Mazur and Mottola [18, 19, 20] . In this paper, we develope these ideas further, and reinvestigate four dimensional quantum gravity including the traceless mode.
One of the most important idea to define quantum gravity in the generally coordinate invariant way is the background-metric independence. The original expression of quantum gravity defined by the functional integration over the dynamical metric is trivially invariant under any change of non-dynamical background-metric. But, when the functional measures are re-expressed by ones defined on the background-metric, the background-metric independence gives strong constraints on the theory.
The background-metric independence includes conformal invariance, which is just the key ingredient to solve 2D quantum gravity exactly [14] . As stressed in ref. [15] the conformal invariance is purely quantum symmetry realized just when gravity is quantized, which does not always require the classical theory to be conformally invariant. Furthermore this idea is independent of dimensions. Naively, it is difficult to imagine that conformally invariant theory is not well-defined. Therefore we think that even in 4 dimensions quantum gravity is well-defined if we formulate it in the backgroundmetric independent way. In two dimensions it is enough to consider the conformal invariance [14, 15] , while in four dimensions it is necessary to consider the background-metric independence for the tracelesss mode as well as the conformal mode.
In four dimensions the measure induces an action with 4 derivatives. So we think that the 4-th order action is rather natural in 4 dimensions [4, 5] and the Einstein-Hilbert action should be treated like a mass term [6] - [11] , where the square of mass is the inverse of the gravitational coupling constant. The classical limit is then given in the large mass limit.
The aim of this paper is to give a proper definition of 4D quantum grav-ity. In the next section we give general arguments about background-metric independence before going to concrete calculations. In Sect.3 we discuss the induced action for the conformal mode in general cases. We here pay attention to the special property of D-th order operators in D dimensions [15] . The argument of D = 4 is essentially used when we evaluate the measure for gravitational fields. After giving some remarks on the measures of matter fields in Sect.4, we evaluate the measure of gravitational field in Sect. 5 . We then introduce the dimensionless self-coupling constant t for the traceless mode and consider the perturbation theory on t [17] . The conformal mode is treated in a non-perturbative way. We discuss a model where the measure can be evaluated exactly in the t → 0 limit. The model in the limit essentially corresponds to the one studied by Antoniadis, Mazur and Mottola [19] though their treatment of the R 2 -term is differnt from ours. To evaluate the t-dependence we give an ansatz based on the background-metric independence for the traceless mode. It is solved in self-consistent manner. In Sect.6 we give some comments on scaling operators in 4 dimensions.
General Arguments
Quantum gravity is defined by the functional integral over the metric field as follows:
where g is the metric field restricted to g µν = g νµ and vol(diff.) is the gauge volume for diffeomorphism. f is a matter field discussed in Sect.4. In this paper we consider scalar and gauge fields. The functional measure for integration over the metric is defined by
where u > −1/D by positive definitness of the norm. This definition is rather symbolic because the measure depends on the dynamical variables g explicitly. The aim of this paper is to rewrite the measure as one defined on the non-dynamical background-metric as in usual field theories. Decompose the metric into the conformal mode φ, the traceless mode h and the background-metricĝ as follows:
where tr(h) = h µ µ = 0. An arbitrary variation of the metric is given by
Since tr(e −h δe h ) = 1 0 ds tr(e −sh δhe sh ) = 0, the variation of the conformal mode and that of the traceless mode are orthogonal in the functional space defined by the norm (2.2). Therefore the measure of metric can be decomposed as 6) where the norms for the conformal mode and the traceless mode are defined respectively by
Let us rewrite the functional measures defined on the dynamical metric g into those defined on the non-dynamical background-metricĝ as in usual quantum field theories. First consider conformal mode dependence of the measures. The partition function will be equivalently expressed as
where S is the action for the conformal mode induced from the measures. It is worth making some remarks on this expression. The first is that we here do not give any change for the classical action. Namely, the induced action is purely the contribution from the measures. The second is that the measures of metric fields are defined on the background metricĝ because of detḡ = detĝ, while for matter fields they in general depend on the traceless mode explicitly so that they are defined on the metricḡ.
Originally the partition function is defined by the metric g = e 2φḡ so that the theory should be invariant under the simultaneous changes [14] :
In order that the theory is invariant under these changes, the action S should in general satisfy the following transformation law:
The measure is then transformed as
Here note that the measure [dφ]ĝ is invariant under a local shift φ → φ − ω.
Because of this property the invariance under the changes (2.10) means the invariance under the conformal change of the background:ĝ → e 2ωĝ . In this paper we consider the case of R(ω, φ,ḡ) = S(ω,ḡ), which is called the Wess-Zumino condition [21] . We make some comments on this particular case in the context of scalar field. Explicit form of such an action is given in the next section.
Next consider the background-metric independence for the traceless mode. The theory should be invariant under the simultaneous changeŝ 13) where tr(b) = 0, which preserves the combinationḡ =ĝe h . The measure for the matter field can be rewritten in the form 14) where the induced action for the traceless mode should satisfy the WessZumino condition [21] W (e e h so that the theory becomes invariant under the change of the background:ĝ →ĝe b . Thus the theory becomes invariant under any change of the background-metric. This is reasonable because the background-metric is quite artificial so that the theory should be independent of how to choose the background-metric.
D-th Order Operators in D Dimensions
Before evaluating the measure of gravitational field, we discuss the general cases first. Consider N scalar fields ϕ A (A = 1, · · · , N), which have an action with 2n-th derivatives in D dimensions:
where D (n) AB = (−2) n δ AB + Π AB is a covariant operator. Π AB is a lowerderivative matrix operator and 2 = ∇ µ ∇ µ . Let us calculate the induced action S(φ,ḡ) defined by the relation
where the functional measure of l.h.s. is defined by
The measure of r.h.s. is defined by replacing the determinant of metric √ g into √ĝ , while note that the action I of r.h.s. depends on g, not on g. Therefore the argument can be applied to a "non-conformally" invariant theory also.
From the definition (3.2), the variation of the induced action for the conformal mode is given by
where
Here L → ∞ is a cutoff. The variation of the 2n-th order operator can be written in the form δ φ D (n) = −2nδφD (n) + δK, where δK depends on the details of lower derivative terms. The variation of
Dφ δK. Using these variations we get the following expression:
The last equality is proved by using the relation between the Green functions: 6) where tr takes over the indices A, B.
For D = 2n, the expression is simplified. The non-covariant part vanishes so that the variation of the induced action is written by using the covariant quantity
Furthermore, in this case, the induced action S(φ,ḡ) satisfies the Wess-Zumino condition. It is proved in the following. Let us apply the simultaneous changes (2.10) to both sides of the definition (3.2). The l.h.s. is invariant under the changes so that we obtain the following relation:
Now define the action R(ω, φ,ḡ) by the relation
Then we obtain the general relation (2.11). Next consider the variation of R(ω, φ,ḡ) w.r.t. the conformal mode φ, which is given by
and D (n) has been defined before. As in the same way discussed above we obtain the following expression:
where we use the relation between the Green functions: < x|D
Therefore, in the case of D = 2n, the action is independent of φ such that R(ω, φ,ḡ) = R(ω,ḡ). From the condition at φ = ω, the action R(ω,ḡ) is nothing but S(ω,ḡ). Thus we proved that the induced action S(φ,ḡ) of D = 2n defined by the relation (3.2) satisfies the Wess-Zumino condition.
In two dimensions consider the usual second order operator. It is wellknown that the finite term of the heat kernel expansion for H
(1) (x, ǫ) is given by the scalar curvature. Thus the integrated action is given by the Liouville action even though the classical theory is not conformally invariant [15] .
In four dimensions we must consider the 4-th order operator. The induced action is then given by integrating the covariant quantity H (2) (x, ǫ) over the conformal mode. From the general argument by Duff [22] , such a quantity, or what is called trace anomaly depends only on two constants a and b so that the induced action is given by
where a
2 is the finite term of H (2) (x, ǫ) defined in eq. (B.1). The constant of integration is determined by the condition S(φ = 0,ḡ) = 0 because both sides of functional integrations are equivalent at φ = 0. F and G are the square of Weyl tensor and Euler density respectively:
The quantities F , G and 2R are separately integrable w.r.t. the conformal mode [23] . It is useful to consider the following combination [23, 18, 19] :
where ∆ 4 is the conformally covariant 4-th order operator defined by
which satisfies ∆ 4 = e −4φ∆ 4 . The induced action then becomes
This action really satisfies the Wess-Zumino condition, which can be generally proved, if the integrand a (n)
2 is integrable as well as covariant, as follows:
The last equality is proved by dividing the integral region
In the above case the first term rather trivially satisfies the WessZumino condition. In the second term the √ gR 2 -term itself does not satisfy the Wess-Zumino condition, but the above combination
The results of this section are very important when we discuss the contributions from the measures of gravity in Sect.5.
The Measures of Matter Fields
In this section we briefly discuss matter field contributions to the induced action. Matter field actions are constructed with at most second order derivatives of fields. As discussed in the previous section, such fields are rather special in 4 dimensions. We make some comments on the measures of scalar field and gauge field.
Scalar fields
Let us consider scalar field coupled to the curvature as follows:
From arguments of the previous section, the variation of the induced action becomes a non-covariant form in this case. We now do not know whether such an integrand is integrable or not. Even if integrable, the integrated action does not satisfy the Wess-Zumino condition so that the theory becomes more complicated. So we only consider the conformally coupled scalar field with ξ = 1/6, which is described as I CS .
Instead of the relation (3.2), we use the following one:
The difference is that the action I CS of r.h.s. is defined on the metricḡ, not on the metric g 3 so that the variation of Γ is simply given in the form δ φ Γ(φ,ḡ) = −T r(δφe
R and δK CS is defined as in the way discussed in Sect.3. This is nothing but the definition of the conformal anomaly. For conformal coupling the trace including δK CS vanishes. As a result Γ(φ,ḡ) is given in the form S(φ,ḡ) defined in (3.16). The coefficients a and b in this case have already calculated everywhere [24, 22] 4) where N X is the number of conformally coupled scalar fields.
Gauge fields
In this subsection we consider abelian gauge fields defined by the action
Gauge theory is classically conformally invariant in 4 dimensions which is described as I A (A µ , g) = I A (A µ ,ḡ), where the gauge field is not rescaled. The measure of gauge field is defined by the norm
Unlike the case of scalar field it depends on both the conformal mode and the traceless mode.
3 Note that the conformal invariance of scalar field in 4 dimensions is described by rescaling the scalar field as well as the metric as I CS (X, g) = I CS (X,ḡ), whereX = e φ X.
As for the conformal mode, it is well known that when we rewrite the measure on g into the one onḡ, we obtain the induced action (3.16) with the coefficients [24, 22] 
where N A is the number of gauge fields. Now, consider the induced action for the traceless mode defined by
Apply the simultaneous changes (2.13) in both sides of (4.8). The measure of l.h.s. (and also the induced action for the conformal mode and the classical gauge action) is invariant under the changes, while the r.h.s. becomes 
The solution of the Wess-Zumino condition is well-known [21] , which is given by
where G(V µ ) is the non-abelian anomaly of the one form V µ and
Thus what remains to do would be to determine the overall coefficient ζ, which we do not discuss anymore in this paper.
The Measures of Gravitational Fields
In this section we consider the measures of conformal and traceless modes of gravity. Henceforth we introduce the dimensionless self-coupling constant t for the traceless mode in the way [17] g µν = (ĝe th ) µν .
The classical action for the conformal mode is given by the R 2 -action and that for the traceless mode is the Weyl action divided by the square of the coupling t, which is
where m 2 is the inverse of gravitational constant and Λ is the cosmological constant. In the flat background the 4 derivative parts of the Lagrangian have the form
The presence of the EinsteinHilbert term now gives rise to the tachyon problem at the classical level for c > 0 and Λ = 0 [6]- [11] , but in the quantum theory the kinetic term of conformal mode is induced from the measures and also we consider Λ = 0 case so that such a problem will disappear. The question of unitarity still remains to be clarified [6] - [11] . We here only stress that the theory is unitary at the low energy and we cannot avoid the 4-th order action to ensure the background-metric independence.
The coefficient c is in general arbitrary, but for technical reasons it is determined to be a special value later.
5.1
The induced action in the t → 0 limit
Traceless mode
As a first approximation we consider the t → 0 limit. The metricḡ then reduces to the background metricĝ so that the matter field, the conformal mode and the traceless mode are decoupled each other. So we can evaluate the contributions from the measures exactly. This approximation is nothing but the one adopted in [19] though our management of the R 2 -terms in eqs. (3.16) and (5.2) are different from theirs. The difference affects t-dependent contributions discussed in Sect.5.2.
We first calculate the induced action from the measure of traceless mode. At the t → 0 limit the measure (2.
µν . The action now becomes
To justify one-loop calculations we discard the linear term of h in the expansion of classical action by imposing the constraints R
The induced action is calculated using the quantity H (2) (x, ǫ) for the operator T , or one loop divergence of det T . To calculate the coefficients a and b in (3.16) we have to fix the gauge. The Lagrangian for the traceless part is described in the form 
′µν to the gauge-fixing conditon we obtain the ghost Lagrangian
Then the contribution from the measure of traceless mode can be derived by calculating the quantity
where a (n) 2 is defined in eq. (B.1). Using the formulae (B.10) and (B.12), we obtain the following quantities:
The combinations F ′ and G ′ are now described in the forms R 
Conformal mode
As in the two dimensional cases [14, 15] , we assume that the contribution from the measure of conformal mode is given in the form (3.16). The coefficients a φ and b φ are determined in a self-consistent way. Consider the conformal change of the background metriĉ
(5.11)
We then obtain the partition function
and
The coefficients of the induced action are given by a = a X + a A + a h + a φ and
The ω-dependence of the measures for X, A µ and h µ ν can be obtained by repeating the previous calculations with φ replaced with ω, which are given by the action S(ω,ĝ) with the coefficients (4.4), (4.7) and (5.10) respectivily.
The contribution from the conformal mode is calculated by using the definition of the partition function above. The Einstein-Hilbert and the cosmological terms have dimensional parameters so that, when the 4-th order term exists, these terms do not contribute to the 4-th order induced action (3.16). To justify calculations we have to set the linear term of φ vanishing.
To do this, however, we have to relateF (ω) andĜ (ω) so that we cannot determine the coefficients a and b because for lack of information. Therefore we neglect the φ 3 -term of the total action. It can be carried out by canceling out the R 2 -terms from the classical action and the induced action by taking the value c = 1 18 (a + b) .
(5.14)
In this case we only calculate the quantity
Using the formula (B.10) and the definition of ∆ 4 (3.15), we obtain
From this we get the values of coefficients in the induced action [19] :
Background-metric independence at the t → 0 limit
Combining the results calculated before we can extract the ω-dependence of the measure in the partition function (5.12). We thus obtain the expression
The coefficients for the induced action S(ω,ĝ) and also S(φ,ĝ) in the action I (0) are given by
Since the measure [dφ]ĝ is now invariant under a local shift, it turns out that, changing the variable as φ → φ − ω and using the Wess-Zumino condition S(φ − ω,ĝ (ω) ) + S(ω,ĝ) = S(φ,ĝ), the partition function goes back to the original form defind on the metricĝ. Thus we proved Z(ĝ (ω) ) = Z(ĝ) in the t → 0 limit.
The induced action for t = 0
The background-metric independence for the traceless mode indicates that the t-dependence of the induced action, apart from W (e h ,ĝ) 4 , should appear in the combination of the metricḡ =ĝe th because the measure defined on the background metric itself is invariant under the simultanious changes for the traceless mode (2.13). Now we assume the t-dependence of the partition function in the following form:
where the total action is I(X, A, φ;ḡ)
where a(t) = n a n t 2n and b(t) = n b n t 2n with a 0 = a and b 0 = b given in (5.19) and (5.20) respectively. The coefficient in front of the classical R 2 -action is now defined by the t-dependent value c(t) = (a(t) + b(t)) so that the R 2 -terms cancel out. Here note that theR 2 -term in (3.16) remains in the action.
Let us consider the conformal change of the background-metric (5.11). The ω-dependences of the measures are now calculated as perturbations in t. The contributions from matter fields have already been calculated in Sect.3. The gravitational contributions are evaluated using the total action defined above. Expanding the action up to the t 2 -order, the quardratic terms in fields is given by The gauge-fixing term is defined such that the highest derivative terms become diagonal. To do this we rewrite the action I 2 in the form
where χ
Thus we take the gauge-fixing term I F IX such that the last term of the expression (5.24) disappears in the gauge-fixed action I 2 + I F IX . This corresponds to take the gauge-fixing condition χ
where ξ µ =ĝ (ω) µλ ξ λ . Applying it to the gauge-fixing condition we can obtain the ghost action. The kinetic term of the ghost Lagrangian is now given in
Changing the normalization as φ
1/2 φ, we then obtain the following expression:
where the prime on T N S stands for removing the2 2 (ω) term. To derive the ω-dependence of the measure for gravity we have to evaluate the quantity
Using the generalized Schwinger-DeWitt technique [12, 9] summarized in appendix B, we first calculate the divergent part of log det K = T r log K, which is expanded in inverse powers of derivatives as
where The contribution to the induced action from the diagonal part of the conformal mode is calculated as a
, where the t 4 -term is neglected. It turns out that the t 2 -correction does not appear in this part. For the diagonal part of the traceless mode we obtain the following quantity: a
. The off-diagonal part is calculated by using the formula (B.7), which gives the t 2 -order contribution
2 (K) is given by summing up the results from the operators A, B and C.
The ghost parts are calculated as a
Combining the above results we finally obtain the t 2 -dependent part of a
Now, we can determine the coefficients a 1 and b 1 from the above results. We finally obtain the induced action S(ω,ĝ) with the coefficients
37)
Here note that the measures of matter fields do not give the contributions directly to the coefficients a 1 and b 1 , which contribute indirectly to them through the values a and b given by (5.19) and (5.20) . The background-metric independence for the traceless mode indicates that the induced action should be in the form S(ω,ḡ) if it includes the interaction terms. As discussed in the previous subsection this ω-dependence can be removed by changing the field: φ → φ − ω so that the partition function goes back to the original one defined onĝ (5.21) provided a 1 and b 1 are given by (5.37) and (5.38). In summary we get the coefficients in the action (5.22) as
Discussions on Scaling Operators
In this paper we proposed the background-meric independent formulation of 4D quantum gravity. A model of 4D quantum gravity was described as a quantum field theory defined on the background-metric (5.21) with the coefficients (5.39, 5.40) by solving the ansatz of the background-metric independence (5.22) in the self-consistent manner.
The problem of renormalizability still remains to be solved, but we think that if the diffeomorphism invariance ensures renormalizability, our model will be renormalizable because we can easily show that the backgroundmetric independence really ensures the diffeomorphism invariance in quantum level [25] .
The rest of this section is devoted to discuss scaling operators in 4D quantum gravity. The cosmological constant and the Einstein-Hilbert terms are the lower-derivative operators with conformal charges. As in two dimensions, such operators will receive corrections like
for the cosmological constant and
for the Einstein-Hilbert term. Henceforth we take the flat background-metric for simplicity, though in perturbation theory we should choose a background-metric such that the approximation is well defined. At least up to the t 2 -order, we can use the argument on the scaling operators in refs. [18, 20] . As for the cosmological constant operator, the conformal charge is classically given by α(t) = dim [Λ] = 4. In quantum theory it receives a correction as α(t) = 4 + γ Λ . The anomalous dimension is now calculated using the gaugefixed action in the form
, where b
, so that the quadratic equation is obtained. Solving the equation, we get the following value:
where the solution such that α(t) → 4 at the classical limit b ′ (t) → ∞ is chosen. Similarly for the Einstein-Hilbert term we obtain
Physically the cosmological constant should be real so that we obtain the condition b ′ (t) ≥ 4 for 4D quantum gravity to exist. Recently the evidence of a smooth phase in 4D simplicial quantum gravity coupled to U(1) gauge theories is reported in the numerical simulations [26] , which suggests that b ′ (t) < 4 for N A = 0, but b ′ (t) > 4 for N A ≥ 1. Naively, comparing with our result we obtain the value for the coupling constant: 0.11 < t 2 < 0.20. This seems to indicate that the perturbation of t on the flat background-metric is not so bad.
Finally we give a comment on the consistency of our calculations. Consider a constant shift of conformal field: φ → φ + η. Then the mass scales are rescaled as Λ → Λe α(t)η and m 2 → m 2 e β(t)η , and the Weyl action with the coefficient ηa(t) is induced as well. This extra Weyl action, however, gives at most t 4 -corrections to the coefficients a(t) and b(t) of the induced action so that our results are self-consistent at least up to the t 2 -order.
A Some Important Formulae
The conformal mode dependence of curvatures is given by
where g µν = e 2φḡ µν . The square of the Weyl tensor F defined by eq.(3.12) is conformally covariant: F = e −4φF . The Euler density G defined by eq.(3.13) is a total derivative, which is proved by using the Riemann identity [2] 
The curvature is expanded w.r.t. the traceless mode as
whereḡ µν = (ĝe h ) µν and h µν =ĝ µλ h λ ν . Under the conditionsR µν = 1 4ĝ µνR and∇ µR = 0, the 4-th order actions are expanded in the followings. The functionsḠ andF are given bȳ
Here note that the linear terms of h can be written in total derivative ones because∇ µR µαβγ =∇ βRαγ −∇ γRαβ = 0. TheR 2 -action is
The Weyl action becomes 
B Generalized Schwinger-DeWitt Technique
Expand the covariant quantity H (n) (x, s) =< x|e −sD (n) |x > g in 4 dimensions for n = 1, 2 as The s-independent term is given by a (n) 2 for n = 1, 2. On the other hand the divergence is described by using the quantity a (n) 2 as follows:
Thus we must calculate the log L 2 divergences to determine the coefficients a where I is the identity operator for the indices A, B and Π is at most second order matrix operator. Then one gets the following expression [12] :
− T r log D = −2T r log 2I − T r Π 1
The r.h.s. is calculated by using the universal functional trace formulae [12] T r log 2I| div = − log L It is useful to consider the following general form to evaluate the diagonal parts of gravity sector in Sect.5:
where X αβ = X βα . Using the formulae listed above one gets the following expression for the divergent part [9, 12] : where X = X The divergent part is given by the formula [9, 12] − T r log Q| div = log L where γ = λ/(1 − λ) and Z = Z References
